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Abstract 

We study the combinatorics and topology of general arrangements of sub- 
spaces of the form D + SP n ~ d (X) in symmetric products SP n {X) where D G 
SP d (X). Symmetric products SP m (X) := X m /S m , also known as the spaces 
of effective "divisors" of order m, together with their companion spaces of divi- 
sors/particles, have been studied from many points of view in numerous papers, 
see |Hj and [22] for the references. In this paper we approach them from the 
point of view of geometric combinatorics. Using the topological technique of 
diagrams of spaces along the lines of lib] and |38| . we calculate the homology 
of the union and the complement of these arrangements. As an application we 
include a computation of the homology of the homotopy end space of the open 
manifold SP n (M 9t k), where M g ^ is a Riemann surface of genus g punctured at 
k points, a problem which was originally motivated by the study of commutative 
(m + k, m)-groups |33|. 

1 Arrangements of symmetric products 

The study of homotopy types of arrangements of subspaces with an emphasis on the 
underlying combinatorial structure is a well establish part of geometric and topological 
combinatorics. Originally the focus was on the arrangements of linear or affine sub- 
spaces [7] [23 [S3- Gradually other, more general arrangements of spaces were in- 
troduced and studied. Examples include arrangements of pseudolines/pseudospheres, 
in connection with the realizations of (oriented) matroids [H] arrangements of 
projective and Grassmann varieties, partially motivated by a geometrization of the 
Stanley ring construction arrangements of classifying spaces BH for a fam- 

ily of subgroups of a given group, subspace arrangements over finite fields ,5. etc. 
With the introduction into combinatorics of the technique of diagrams of spaces and 
the associated homotopy colimits |35) |38) . it became apparent that arrangements 
of subspaces have much in common with other important and well studied objects 
like stratified spaces/discriminants and their geometric resolutions |34| . toric varieties 
viewed as combinatorial objects associated to face latices of polytopes ^U] ^2] |35| 
etc. All this serves as a motivation for the study of general subspace arrangements 
carrying interesting combinatorial structure. 

Symmetric products of spaces SP n (X) are classical mathematical objects £Q [2] 
[TT] [T5| [T^| [TB] |22] [23 which appear in different areas of mathematics and mathe- 
matical physics as orbit spaces, divisor spaces, particle spaces etc., see |S] for a leisurely 
introduction and a review of old and new applications. The case of 2-manifolds M is 
of particular interest since in this case SP n (M) is a manifold. Elements D 6 SP d (M) 
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are called divisors of order \D\ = d. In this paper we study arrangements in SP n (X) 
of the form 

A={D l + SP n -^(X)}t 1 , (1) 
where the case of open or closed surfaces is of special interest. 

Given an arrangement A ~ {Fi, . . . , Fk} of subspaces in an ambient space V, the 
union or the link of A is D(A) := Ui=i F and the complement is M (A) :— V\D(A). 
In this paper we compute the homology of the link and, in the case of Riemann sur- 
faces M g , the homology of the complement of the arrangement QJ. As an applica- 
tion we compute the homology of the "homotopy-end-space" of SP n (M gi k) where 
M 9t k := M g \ {xi, . . . ,Xk} is the so called (g, fc)-amoeba, see Figure and discuss 
the connection of this computation with the problem of existence of commutative 
(m + fc, 7n)-groups and the problem what information about the original surface M 
can be reconstructed from the symmetric product SP n (M), Section |2~S1 

Note that if g = and if Di = Xi are all distinct divisors of order 1, then the 
complement of the arrangement is homeomorphic to the complement of a generic 
arrangement of k — 1 hyperplanes in C™, studied by Hattori JU] [57]. So the results 
about SP n (Mg t k) can be viewed as an extension of some classical results about com- 
plex hyperplane arrangements. On the technical side, we would like to emphasize 
the role of the relation of proper domination between simple diagrams, Definition 11.61 
in Section ITT1 which often allows, as demonstrated in Section fOl the study of nat- 
urality properties for Goresky-MacPherson JHj and Ziegler-Zivaljevic [HHj |EEj type 
formulas. The same concept allows us to extend ( Theorems 11.81 and II . 1 l|l the classi- 
cal Steenrod's theorem on the decompositions od symmetric products, to the case od 
diagrams of spaces. 

1.1 Homology of the union D(A) = [J A 

We approach the computation of the homology H„(D{A)) by the method of diagrams 
of spaces. The references emphasizing applications of this technique in geometric 
combinatorics are j.'i5| and |38j . The reader is referred to these papers for the notation 
and standard facts. Aside from standard tools like the Projection Lemma or the 
Homotopy Lemma, we make a special use of the idea of an "ample space" diagram 
outlined in Section 5.4., of |.'i5| . 

Let A — {-F^liUi be an arrangement of subspaces in SP n (X) where F£ :— Xi + 
SP«-ipQ ^ SP«-i(X) and is a collection of distinct points in X. Let 

P = P(A) be the intersection poset of A. By definition [27J [HEli P has an element 
for each non-empty intersection F^ — F%> CiF.^ 1 (~l . . . tlFn where / = {i , ii,...,i p } C 
[k] := {1, . . . , k}. If n > k then P is isomorphic to the power set V'[k] = V[k] \ {0} or 
alternatively, the face poset of an abstract simplex E with vertices {1, . . . , fc}. If n < k 
then P is isomorphic to the poset V <n [k] of all non-empty subsets / of cardinality at 
most n or alternatively the (n — l)-skcleton of E. 

More generally assume that A = {F^}^ =1 is an arrangement of subspaces of the 
form 

F^ = A + SP n - di {X) where D t e SP di (X) i = 1, . . . ,r. (2) 
Moreover, we assume that for each i the corresponding divisor Di has the form 

Di = a\xi + . . . + a l k Xk 

where all points Xi 6 X are distinct and fixed in advance while di are non-negative 
integers. The associated intersection poset has several useful interpretations. Let 
J = {ji < . . . < j m } be a subsequence of [k] = {1, . . . , k}. Since K £ PC=i (Dj a + 
SP n - d ^ (X)) if and only if K S SP n {X) and D ja < K for each a = 1, . . . ,m we 
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observe that K > Dj lt fc,...,j m —'■ Dj where Dj is the least upper bound of divisors 
Dj a , a = 1, . . . , to. Another description is in terms of multisets 30; or the associated 
monomials. Given an effective divisor D = a,iX\ + . . . + a r x r , where points Xi are dis- 
tinct and cm are the corresponding multiplicities, the associated multiset (monomial) 
is x" 1 . . . x" r . Then the intersection poset P = P(A) can be described as the collection 
of all multisets in X of cardinality at most n which can be represented as unions of 
multisets associated to original divisors Di. Yet another description arises if multisets 
X -y ... X j, 0/1 G interpreted as natural numbers p" 1 . . .p^ r where pi are distinct prime 
integers. This shows that the combinatorics of intersections posets of arrangements 
of subspaces in SP n (X) is directly connected with the classical elementary number 
theory. 

Caveat: All spaces we deal with are admissible in the sense of Definition II. 141 Ele- 
ments of the intersection poset P = P(A) are often denoted by p, q, r etc. but when 
we want to emphasize that they are actually divisors (multisets) we use the notation 
I, J, K, Dj etc. 

Let A be an arrangement of subspaces described by . Let V : P — > Top be an 
associated diagram of spaces and inclusion maps, [33] EE]- Each / £ P is of the form 
I = fiixx + . . . + ftkXk where |7| = {3\ + . . . + {3/. < n. Hence, 

V(I) := lXl + ...+ I3 k x k + SP n -^(X). 

By Projection Lemma, |35) Lemma 4.5, or by Proposition 6.9. on page 49 in j^j, 

F n = (J A = colim V ~ hocolim V. (3) 

Definition 1.1. For A C SP P (X) and B C SP q (X), the "Minkowski" sum A + B 
is a subset of SP p+q (X) defined by A + B := {a + b \ a e A,b e B}. 

Since X is an admissible space, Definition II. 141 there exists a closed, contractiblc 
set C D {xi, . . . , Xk} such that the projection map X — > X/C is a homotopy equiva- 
lence. Moreover, C contracts to a point y 6 C which can be prescribed in advance. 

Define £ : P — > Top to be the diagram of spaces and inclusion maps determined 

by 

£{I) := \I\y + SP n - w (X) for each I € P. 

Note that £ (I) depends only on the order |/| of the divisor I. We would like to show 
that 

hocolim V ~ hocolim £ . 

Since there does not exist an obvious map between these diagrams, we define a new 
diagram C, a so called "ample space" diagram, which contains both T> and £ as 
subdiagrams. 

Let C : P — > Top be the diagram of spaces and inclusion maps defined by 
C(I) := SP W (C) + SP n ~ W (X) for each I e P. 
Proposition 1.2. Let 

a : T> — > C and (3 : £ — > C 

be the morphisms of diagrams where ai : T>(I) C(J) and (ij : £(I) — > C(I) are obvi- 
ous inclusions. Then a and (3 induce the homotopy equivalences of the corresponding 
homotopy colimits, 

hocolim V -^-> hocolim C *- 13 — hocolim £. 

Proof: The proposition is an immediate consequence of the Homotopy Lemma, |35| 
Lemma 4.6, and Proposition 11.131 from Section ll. 51 
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1.2 Steenrod's theorem for diagrams 

In the previous section the calculation of the homology of the union of the arrangement 
A = {Di + SP n ~ di (X)}i =1 was reduced to the calculation of ^(hocolim £) for a 
diagram £ of particularly simple form, cf. Definition 1 1.41 

Our objective in this section is to establish a decomposition result (Theorem ll.8|l 
expressing the homology of hocolim £ in simpler terms. Theorem 1 1.81 can be seen as 
an offspring and a generalization of the well known Steenrod's theorem, 

m 

H* (SP m (I);A)S0if, (SPi (X) , SP j - 1 ; A) 

3=0 

where by definition SP^ 1 (X) = and A is an arbitrary Abelian group. 

Definition 1.3. Assume that y £ X is a point fixed in advance. A standard inclusion 

e p , q : SP p (X) SP q (X), 

associated to a pair of integers p < q, is by definition the map defined by e p ^ q {Y) := 
(q-p)y + Y for each Y e SP p (X). 

Definition 1.4. A diagram of spaces T> : P — > Top is called simple if 

(a) for each p G P there exists /i = /i(p) such that T>{p) — SP^{X), 

(b) the map V q:P : SP^(X) -» SP^(X) is a standard inclusion for each pair 

q<p- 

The monotone function /i : P — > N is called the rank function of T>. If = fi(q) 
for each pair p,q G P we say that D is a constant diagram. 

Remark 1.5. Note that a diagram of spaces T> : P — > Top is simple if and only if 
there exists a strictly increasing sequence m = Cq < Ci < . . . < Cfe = M and a strictly 
decreasing sequence P rn = P Ca D P Cl D . . . D P Ck = Pm of ideals in P such that 
lm(p) = {ci}*L and for each p G P Ci \ P Cl+1 , V(p) = SP C HX). 

Definition 1.6. Suppose that £\ and £2 are both simple diagrams over the same poset 
P and let \i\ and /i2 be the corresponding rank functions. We write £\ =^ £2 and say 
that the diagram £\ is dominated by the diagram £2 if /ii < //2- We write £\ =4p £2 
and say that the diagram £\ is properly dominated by £2 if ^1 = min{^2, c} for some 
constant c G N. 

It is obvious that both =^ and =^ p are partial orders on the set of all simple diagrams 
over P. If either £\ =^ £2 or £\ =^p £2, there is a unique morphism a : £\ — > £2 such 
that a p : £\{p) — ► ^(p) is a standard inclusion for each p G P. 

a 

Proposition 1.7. Suppose that £\ =^p £2 =4p £3 and let £\ — > £2 — ► £3 be the 

associated chain of morphisms. Suppose that 

Y & , Y & . V 

is the corresponding chain of homotopy colimits X £i := hocolim £{, i = 1,2,3. Then 
the map 

H* (Xs 2 , X £l ; A) — ► (X £s , X £l ; A) 
is infective and the associated long exact sequence of the triple splits. 
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Proof: It is sufficient to prove that the map 



a : iJ» (X-d ; A) — » H* (X £ ; A) (4) 

is injective for each pair of simple diagrams such that T> =<!p £. Indeed, on applying 
this result on pairs £\ =^p £2 and £\ =^p £3 we obtain a commutative diagram with 
exact rows, 

► HJX £l ) ► H,(Xe 2 ) ► H,(X £2 ,X £l ) > 

► HJX £l ) > H,{X £3 ) > HJX E3 ,X £l ) > 

The first vertical arrow from the left is an isomorphism and the second is a 
monomorphism, so the result follows from a version of 5-lemma. 

Let us observe that (3} is obvious if both V and £ are constant simple diagrams 
in the sense that for some integers m < n, T>{p) = SP m (X) and £ (p) = SP n (X) for 
each p G P. Indeed, in this case |Q| reduces to the monomorphism 

H,{SP m (X) x A(P)) — » HJSP n (X) x A(P))). (5) 

In light of the fact that by Steenrod's theorem HJSP m (X)) -> H r {SP n (X)) is 
always a monomorphism to a direct summand of H se (SP n (X)) 1 JSJ follows from 
Klinneth formula and the 5-lemma. Next we observe that is true even if only 
T> is a constant diagram. Indeed, let J 7 be a constant simple diagram such that 
£ =4 J-. Then the composition o a in the diagram 

HJX V ) — JT„(X £ ) — 

is a monomorphism, hence a alone is also a monomorphism. 

The general case of |@} is established by induction on the size of the poset P. Let 
C be a maximal constant simple diagram over P such that C ^ T>. In other words if 
V(p) = SP^(X) for each pe P then C(p) := SP m (X) where m := min{/z(p)} peP . 
Let P' be a subposet of P defined by P' := {p E P \ fi(p) > to}. Note that P' is 
actually an ideal in P. Define C',T>',£' respectively as the restrictions of diagrams 
C,T>,£ on the subposet P' . Then by the excision axiom there is a commutative 
diagram of long exact sequences 

. . . ► H* (Xt» , X C i ) > H, (X e i , Xc> ) ' H* (X £ > , X-d' ) ► ■ • • 

(6) 



... > H*(Xt,,X c ) ► H*(X £ ,X C ) > H,{X £ ,Xt,) > ... 

The condition C =^p T> =^p £ implies C =^p V =^p £' and by the inductive 
assumption the first row splits. Hence there is a short exact sequence 

> HJXt,,X c ) 1-1 > H,(X e> Xc) > H*{X £ ,Xt>) > 0. 

Finally, from the commutative diagram 

> HJX C ) — =— > H*(X C ) > 

> H*(Xv) — 2L_^ H,(X £ ) > H*(X £ ,Xv) » 

► H,(Xt,,X c ) 1-1 > H,(Xe,X c ) > H*(X £ ,Xt>) > 
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we deduce that a is a monomorphism. □ 

Given a simple diagram T> : P — > Top, p ^ SP^^ (X), let m := min{/i(p)} pe p 
and M := max{^(p)} p£ p. Let us assemble the elements of the set {/^(p)}peP into an 
increasing sequence 

m = cq < cx < . . . < c fe = M. (7) 
Define Pj := {p E P \ /j,(p) > j}. Note that 

P = P m 2 P m +i 2 • • • 2 Pm (8) 

is a decreasing sequence of ideals in P. In light of (Q we observe that 

P m = P C0 DP C1 D ...D P Ck = P M (9) 

is a subsequence of (JBJ obtained by removing the redundant posets. 

Theorem 1.8. Assume that T> : P — > Top is a simple diagram where /i : P — > N 
is </ie corresponding rank function, m = min{/i(p)} pe p, M = max{/i(p)} pg p and 
P, := {p £ P | jtx(p) > j}. T/ien i/ie homology of Xx> = hocolim V with coefficients 
in a group A admits the decomposition 

M 

H*(X V ) S H4SP m (X) x A(P)) H^(SP^X),SP^ 1 (X)) x A(P,)) 

J=m+1 (1Q) 

- H*(SP m (X) x A(P)) H.((SP c >(X),SP c *-i(X)) x A(P C J). 

p=i 

Proof: The result is easily deduced from Proposition Let 

be the sequence of simple diagrams over P where T>j(p) = SP Cj (X) Hp G P c . 
and T>j(p) = D{p) otherwise, while (cj)j_ is the sequence defined in 0. In other 
words T>j is the simple diagram associated to the rank function fij — min{/i, Cj}. By 
Proposition 11.71 

k 

ff,(l P )=ff t (X Co )©0ff»(l P „l P ,_ 1 ). (11) 
i=l 

Since 2?o is a constant simple diagram we know that 

H*(X Va )^H4SP m (X)xH t (A(Pj). (12) 

Let £i and be constant simple diagrams over P Ci such that £i(p) — SP Ci (X) and 
J-i{p) — SP Ci ~ 1 (X) for each p e P Ci . By the excision axiom 

H.^XvuXt,^) ^H*(X Si ,X n ) ^H4{SP C ^(X),SP^- 1 {X)) x A(P C J). (13) 

The formulas JTDJ follow from (JTTJ O {HU) i the observation that 

H4(SP c *(X),SP c *-i(X))xA(P c J)^ H.((SP i {X) 1 SP i -\X)) x A(P,)) (14) 

i=c«_i+l 

and the fact that Pj = P Ci for each j in the interval (cj_i, Cj]. □ 

As an immediate consequence of Proposition 11.21 Theorem 11.81 the homotopy 
equivalence (3) and the fact that £ is a simple diagram, we obtain the following 
result. 
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Theorem 1.9. Suppose that A = {P^}[ =1 is a diagram of subspaces of SP n {X) where 
— Di + SP n * Di '(X). Let P be the associated intersection poset and [i : P — > N 
the corresponding rank function. Define m and M respectively as the minimum and 
the maximum of the set n(P) C N and let Pj := (N>j). Then, for the homology 
with coefficients in a group A, 



H*({JA) = H*(SP m (X) x A(P)) 



M 



H^SP^X^SPi-HX)) x A(P,)). 



(15) 



The following corollary of Theorem 1 1.91 is needed in the proof of Theorem 12 .51 

Corollary 1.10. Let A = {in}*=i ^ e an arrangement of subspaces in SP n (X) where 
F'n := Xi + SP n (X) and x%,...,Xk are distinct points in X . Then, for the homology 
with rational coefficients, 



H*{\JA;Q) a ^(5P"- m (X))® J ff >f (S m - 1 ) 



m-2 



H,(SP n -r- 1 (X), SP n -P- 2 (X)) ® /T»(EP) 
where TP is the p-skeleton of a simplex E wi/i vertices and m := min{n, k}. 



(16) 



1.3 Category of simple diagrams 

In this section we take a closer look at the category of simple diagrams and recast 
the main results of Section ll.il in a form suitable for applications in Section ll.41 The 
emphasis is on functorial properties (naturality) of decompositions I|1U[) and (|15fl . 

Let Vos be the category of finite posets and monotone (increasing) maps. Let 
IZank be the category of abstract rank functions defined on finite posets. The objects 
of Rank are monotone (decreasing) functions fi : P — * N. A monotone map F : P — > Q 
defines a morphism F : ji — > v of two abstract rank functions fi and v if fi < v o F, 
i.e. if nip) <vo F{p) for each p E P. If _F = lp is the identity map and ji < v then, 
as in Definition 11.61 we say that \x is dominated by v and write fj, ^ v. 

The category S-Diag of simple diagrams is formally isomorphic to the category 
Rank of abstract rank functions. Objects of S-Diag are diagrams over finite posets 
which are simple in the sense of Definition 11.41 Suppose that V : P — > Top and 
£ : Q — ► Top are simple diagrams with the associated rank functions /j, : P — > N and 
v : Q — » N. Then a morphism (F, a) : P — > £ is defined if F : P — > Q is a monotone 
map and /i < v o P, in which case a(p) : T>(p) — > £(F(p)) is a standard inclusion in 
the sense of Definition ED If P is clear from the context, for example in the case of 
an identity map, the corresponding morphism is simply denoted by a. A morphism 
(P, a) induces a continuous map X^ F a ^ : X-p — > Xg of the corresponding homotopy 
colimits. Again we simplify and often write a instead of Xtp ia \ if P : P — ► Q is 
self- understood. 

Suppose that /i : P — > N is an object in Rank and let P be the associated simple 
diagram. Given j £ N, let [ij : P — > N be defined by (J,j(p) — min{/i(p), j'} for each 
p <E P. Define Pj as the simple diagram associated to /Uj and let otj : T>j T> be the 
associated morphism. The associated homotopy colimits X T>j are subspaces of X-p 
which define a filtration 

Xv CI Bl C...Cl„.C...CI I) . (17) 

Then in light of the decomposition l)14[l. Theorem 1 1 . 81 can be rewritten as follows 
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Theorem 1.11. Assume that T> : P — > Top is a simple diagram where p : P — > N 
is i/ie corresponding rank function. Let Pj := {p e P | > j}. Then, for the 

homology with coefficients in an arbitrary group A, 

oo 

H r (X v ;A)-^H,((SP^X),SP^ 1 (X)) x A(P,)) (18) 

where 6y definition SP- 1 (X) := =: A(0). 

The following proposition essentially claims that the decomposition l|18|l is natural 
with respect to morphisms (P, a) : T> — > £ in the category S-Diag. 

Proposition 1.12. Suppose that (P, a) : T> — > £ is a morphism of two simple dia- 
grams and let a : Xt> — > 6e f/ie induced map of the associated homotopy colimits. 
If {X-d^JLq and {Xs^^Lq are the filtrations of Xp and X £ described by (fT7|l then 
a(Xi)j) C Xg-. It follows that there exists a homomorphism 

H^{SP^{X),SP^ 1 {X)) x A(i>-)) — > H4(SP^(X),SP j - 1 (X)) x A(Q,)) (19) 

of the corresponding terms in the decompositions (11811 of H*(Xjf) and H*{X £ ) respec- 
tively. The homomorphism (|19[) is induced by the map A(Pj) : A(P,) — > A(Qj) where 
Fj : Pj — > Q j is t/ie restriction of F to Pj . 

Proof: The condition fi <v o P implies 

/ij = min{/i, j'} < min{f ° F, j} = min{i/, j} o F = Vj o P. 

It follows that there is a morphism in S-Diag of diagrams T>j and £j and an associated 
continuous map &j : Xt>. —> X £ . of the corresponding homotopy colimits. Moreover, 
there is a ladder of commutative diagrams 

• ■ ■ — > Xx> j _ 1 — > X-p j — >X-p j+1 — ►. . . — >Xd 

"j-ij &A | « (20) 

• ■ • — > x £] _ 1 — >x £j — >x £i+1 — ►. . . — >x £ 

where the horizontal maps are the inclusions coming from the filtration 117fl . It follows 
that there is a homomorphism 

oo oo 

ff.(X„;A) 3 05.^,^^) -» QH.^.^iA) S fT t (X £ ;A) (21) 

3=0 3=0 

where = Xu_ t = 0. The final part of Proposition II . 12| follows from the natu- 

rality of the excision operation or more precisely from the naturality of the diagram 
©. □ 



1.4 Homology of the complement SP n (M g ) \ {JA 

In this section we focus our attention on the homology of the complement SP n (M g ) \ 
F n of the arrangement A where M g is an orientable surface of genus g. We will be 
primarily interested in the homology with rational coefficients. By Poincare duality, 
the evaluation of these groups is equivalent to the evaluation of the homology of the 
pair H*((SP n (M g ), F n ); Q) which is directly related to the evaluation of the kernel 
Aj and the cokernel Bj of the homomorphism 

Hj(ljA) ^ Hj(SP n (X)) (22) 
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for an arrangement A in SP n (X) where X is an admissible space. 

Given a map of diagrams a : 8\ — ► there is a commutative square 
hocolim 8\ ► hocolim 82 

1 ( 23 > 
colim 8\ ► colim 82 

In light of the fact that for each arrangement of subspaces T and the corresponding 
diagram of spaces T>jr 

T = colim Vjr, 

the square i|23|) allows us to compare spaces F n — [JA and SP n (X) by comparing 
the associated diagrams. 

The diagrams C, V, 8, the associated intersection poset P etc. have the same mean- 
ing as in Section ITTTI Let P := P U {0} be the poset P with added a possibly new 
minimum element 0. Let T>q : P — > Top be a diagram of spaces and inclusion maps 
defined by D o (0) = SP n (X) and V (p) = V(p) for each p e P. Similarly C and 
8q are defined as the diagrams over P which extend the diagrams C and 8 respec- 
tively, such that C (0) = £ 3 (0) = SP n (X). The inclusion e : P -> P extends to the 
corresponding morphisms of diagrams 

C^C 3 V^V Q 8^8 X 
Moreover, there is a commutative diagram 

Xd > Xq < — - — Xg 
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X T> > X Co < X £a 



(24) 



where all horizontal maps are homotopy equivalences and as before Xg = hocolim Q. 
An instance of the commutative diagram l|23|) is the following square 

Xv * Xt>„ 

(25) 

UA ► SP n (M g ) 

By Projection Lemma, |35) Lemma 4.5, the vertical arrows in this diagram are ho- 
motopy equivalences. In light of l|24|) we conclude that the groups Ad and Bd are 
respectively the kernel and the cokernel of the map 

H d {X £ ) H d {X £a ). (26) 

By Theorem 11.111 each of the groups Hd(X £ ) and Hd{X £a ) admits a direct sum de- 
composition of the form i|18|) ■ By Proposition 11.121 this decomposition is natural 
and the corresponding terms are mapped to each other. More precisely there is a 
homomorphism 

H4(SP j (X),SP^ 1 (X)) x A(Pj)) — > H^(SP 1 (X),SP'- 1 (X)) x A(Pj)) (27) 
induced by the map A(ej) : A(Pj) — > A(Pj) where ej is an inclusion map. 
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Note that A(Pj) is contractible whenever Pj ^ 0. It immediately follows that for 
the homology with rational coefficients, A d — A?' © A d where 

+ 00 9>0 

4 1} =0 H p (SP^X) 7 SP^ 1 (X))®H q (A(P ] )) (28) 

3=0 p+q=d 

00 

A f = H d (SPJ(X), SPi- 1 ) <g> (29) 

where := Ker{H (A(Pj)) -> i?o(A(P,))} = H Q (A(P i )) is the reduced, O-dimensional 
homology of Pj. Similarly, 

P d s H d (SP n (X), SP M (X)) (30) 
where M = max{/i(p)} pg p is the maximum of the associated rank function. 

1.5 An auxiliary result 

Proposition 1.13. Suppose that X is an admissible space in the sense of Defini- 
tion \l.ll\ Given a finite set F = {y,yi, . . . ,y d } in Z, let C be an associated con- 
tractible superset of F . Let Y = y\ + 2/2 + • • • + yd S SP d (X). Then the inclusion 
map 

Y + SP n - d (X) SP d {C) + SP n - d (X) (31) 
is a homotopy equivalence. 

Proof: We prove the lemma first in the special case when all points yi coincide. 
More precisely we prove that the map dy + SP n - d (X) ^ SP d (C) + SP n - d (X) is a 
homotopy equivalence. 

It follows from the assumptions on X, C and y G C that there exists a homotopy 
h : X x / — > X, keeping y fixed and C invariant, such that p : X — > X, defined by 
p(x) := h(x, 1) satisfies the condition p(C) = {y} and lx = h(-,0) is the identity 
map. 

Let H : SP n (X) X I -> SP n (X) be the homotopy induced on SP n {X) by h. In 
other words if Z = Zi + . . . + z n € SP n (X), then H(Z, t) := h{z x ,t) + ... + h(z n , t). 
We observe that both V := dy + SP n - d {X) and W := SP d {C) + SP n - d (X) are 
iJ-invariant, so the restrictions of H on these subspaces define the homotopies H 1 : 
V x / -> V and H 2 : W x I W. The map p : X X induces a map from SP n (X) 
to SP n (X) which restrict to a map p : W — > V. It turns out that p is a homotopy 
inverse to the inclusion i : V c —> W. Indeed, 

iJ 1 : ly — p o i and iJ 2 : lw — i p ■ 

Now we turn to the case of a general divisor Y = y\ + . . . + y d € SP d (X) and 
the associated inclusion map Y + SP n ~ d (X) SP d (C) + SP n - d {X). Let <t> : dy + 
SP n - d (X) -^Y + SP n ~ d (X) be the homeomorphism defined by cj>(d a + Z) = Y + Z. 

The key observation is the following equality 

poao(j)=poi. 

Since p and i are homotopy equivalences and is a homeomorphism, we conclude 
that a is also a homotopy equivalence. □ 

Definition 1.14. A space X is called admissible if for each finite collection of points 
F = {y, xi, . . . , Xk} C X , there exists a subspace C C X such that 



10 



(a) C contains F as a subset, 

(b) C can be continuously deformed to y inside C keeping the point y fixed, i.e. 
lc — c y (rel y) where c v (x) = y for each x G C, 

(c) the inclusion map i : C > X is a closed cofibration. 

Remark 1.15. All connected spaces that can be triangulated are admissible in the 
sense of Definition 11.141 This is a very large class including all connected CW- 
complcxes or connected semi-algebraic sets. 

2 Applications 

2.1 End spaces 

Definition 2.1. Suppose thatY is a locally compact, Hausdorff space. LetV = (JC, C) 
be the poset of all compact subspaces of Y . Let T> : V — * Top be the diagram of 
topological spaces over V defined by V(K) :=Y\K for Q e M. The end space e(Y) 
of Y is by definition the homotopy limit of the diagram T>, 

e(Y) := holim V. 

The reference [23 is recommended as a valuable source of information about the 
general theory, the history and some of the latest applications of end spaces. The 
end space is obviously a topological invariant of Y, that is if Y and Y' are two locally 
compact, Hausdorff spaces such that Y = Y' then the associated end spaces e(Y) and 
e(Y') are also homeomorphic. Consequently the homotopy type of e(Y), its homology 
etc. are homeomorphism invariants of Y. If Y admits a cofinal sequence 

K Q C K x C . . . C K m C . . . 

of compact sets in Y, i.e. a sequence such that Y = 1J^ =0 K m , then 

e(Y) ~ holim^ooY" \ K m . 

The following proposition allows us to "compute" the end space in the case the 
inclusion map K m e — > K m+ i is a homotopy equivalence for each m. 

Proposition 2.2. Let £ : N — > Top be a diagram of topological spaces over N such 
that T>(m) — > T>(m + 1) is a homotopy equivalence for each m. Then 

holim £ ~ P(0). 

As an illustration here is a computation of the (stable) homotopy type of the end 
space of some interesting spaces. 

Proposition 2.3. Let Y = S n \ X where X is a closed set in the sphere S n . Let 
D n (A) be the stable homotopy type of the geometric dual of A C S n , |29j . Then the 
end space ofY is stably equivalent to the geometric dual of the disjoint sum XUD n (X), 

e(Y) ~p D n (X U D n (X)) ~ P S^ 1 V A V D n (X). 

Proof: In light of the formula 

D n (A U B) ~p D„(S° VA\/B)~p S 1 ^ 1 V D n {A) V D n (B) 

where A and B are disjoint, compact subsets of S n , it is sufficient to observe that 
compact sets in Y = S n \ X which are deformation retracts of Y are cofinal in the 
poset of all compact subsets of Y. 
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2.2 End (co)homology groups 

The diagram T> : V — ► Top from Dcfinition l2.il in combination with standard functors, 
provides other interesting invariants or the homeomorphism type of Y . 

Definition 2.4. Let <$> ■ Top — > Ab be a covariant (contravariant) functor from spaces 
to Abelian groups. Let 4>(T>) : V — > Ab be the associated (co)diagram defined by the 
correspondence K i— > <f>(Y \ K). The (co)limit of </>(£>) is an Abelian group which 
is called the end 4>-group associated to Y. If <f> is a homology (cohomology) functor 
with rational coefficients, then 4>{T>) is denoted by TL* and TL* respectively. In other 
words H*{K) := H*{Y \ K;Q) and H*(K) := H*(Y \K;Q). The associated end 
(co)homology groups are defined by 

E*{Y) := lim 7U, E*{Y) := colim H* . 

In the following theorem we compute the group E* (SP n (M g , k )) where M g , k is 
the orientable surface of genus g punctured at k distinct points. Sometimes we call 
the surface M g>k a (g, fc)-amoeba, see Figure ^ where the amoebas Mi 3 and M%,x 
are shown. Note that although the amoebas M g ^ and M g i^' are homeomorphic 
if and only if (g, k) = (g',k'), they have the same homotopy type if and only if 
2g + k = 2g' + k' . 

Theorem 2.5. Let M g k — M g \ {x±, . . . , x^} be a {g, k)-amoeba, i.e. the Riemann 
surface of genus g with k distinct points removed. Let SP n {M g ^) be the associated 
symmetric product. If 

EP(SP n (M gik )) := colim W= co\im w eV H p (QP n (M gtk ) \ K; Q) 

is the associated p-dimensional end cohomology group then 

^nk(EP(SP n (M g . k )j)=\ ( 29 f k )-( 2 °), p = n-l or p = n (32) 

I P>n + 2. 

Proof: Let us choose a local metric in the vicinity of each point Xi, say by choosing 
a local coordinate system in the neighborhood of each of these points. Let V, l n = 
V(xi, i) be an open disc in M g with the center at Xi of radius i, defined relative to 
the chosen metric. Let := \ {xi} be the corresponding punctured disc. Then 
C m = Mg \ Uj=i V{ x ii is a compact subset in M g ^ and K m := SP n (C m ) is a 
compact subset in SP n {M gtk ). The sequence {K m }^ =1 is cofinal in the poset V of 
all compact subsets in Y = SP n (M g , k ) since Um=i K ™ = SP n (M g , k ). Note that 
Y \ K m is described as the space of all divisors D 6 SP n (M 9tk ) such that DC\V m ^ 
for some i. 

Claim 1: The inclusion Y \ K m+ i ^-s- Y \ K m induces an isomorphism H*(Y \ 
K m ; Q) — > H*(Y \ K m+ i;Q) of the associated cohomology groups. 

The claim is an easy consequence of Poincare duality. Indeed, both Y and its compact 
subsets K m and K m+ i are identified with the corresponding subsets of the manifold 
SP n (M g ). Let F n := SP n (M g ) \ Y be the subspace of all divisors D e SP n {M g ) 
such that D n {x\, . . . , Xk) ^ 0- Equivalently, 

k 

F n := \J{x j + SP n -\M g )). 
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There is a duality isomorphism 

H*(Y \ Kj) -» H 2n ^(SP n (M g );F n U K ) (33) 

natural with respect the inclusions Kj °-> Then the claim follows from the five 

lemma and the fact that K m is a deformation retract of K m+ \, which in turn implies 
the isomorphism H*(F n U K m ) — * H*{F n U K m+ i). 

A consequence of the claim is the isomorphism 

E"(SP n (M g<k )) S fP(y \ K m ) S H 2n _ p (SP n (M g );F n U ff m ). (34) 

Hence, in order to complete the proof of the theorem it is sufficient to compute the 
group H d (SP n (M g );F n U K m ). 

Proposition 2.6. Let A^' 9 &e i/ie ranfc of the group Hd(SP n (M g ); F n U -K" m ) = 
H 2n - d (SP n (M g )\F n UK m ). Then, 
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(n )-(»)- rf = nord = n + l (35) 



Proof: The spaces F„ and i4T m are disjoint compact subspaces of SP n {M g ) and K m ~ 
SP n (M gv k) has the homotopy type of an n-dimensional CW-complex. Consequently, 
the exact sequence of the pair (SP n (M g ) 1 F n U K m ) has the form 

H d {Fn) © H d {K m ) ^ H d (SP n (M 3 )) — ► H d (SP n (M g );F„UK m ) — > 
Hd-i(F n ) © Hd-i{K m ) H d -x{SP n {M g )) — » 

(36) 

An immediate consequence of 1)360 is the isomorphism 

H d (SP n (M g );F n U tf ro ) £* © 5 d 

where v4 d := Ker(A d ) and .B d := Coker(A d ). Note that A d = a d + /3 d where a d : 
H d (F n ) -» H d (SP n (M g )) and /3 d : ff d (SP"(M g!fc )) -> H d {SP n {M g )) are the homo- 
morphisms induced by the inclusions F„ ^ SP n (M g ) and SP n {M g , k ) <-> SP n (M g ). 

Claim 2: Suppose that a : ^4 — + C and j3 : B C a, linear maps of vector spaces. If 
a + f3 : A (B B C is the map defined by (a + /3)(x © y) := a(x) + (5{y) then 

|Ker(a + 0)\ = |Ker(a)| + |Ker(/3)| + |Im(a) n Im(/3)| (37) 

where \V\ is the dimension of V . 

An immediate consequence of the Claim 2 is the following equation 

A™' 9 - |Ker(a d _ 1 )| + |Kcr(/3 d _ 1 )| + |Im(a d _ 1 nlm(/3 d _ 1 )| + 



Q n d ' 9 - \Im(a d )\ - |Im(/3 d )| + |Im(a d ) n Im(/3 d )| 



(38) 



where A d ' 9 := |A d _ x | + |B d | and 9' d 1 ' 9 := \H d (SP n (M g ))\. The long exact sequence 
of the pair (SP n (M g ), F n ) and the Poincare duality imply that 



\Jte(a d - 1 )\+G% B -\!m{a d )\ = ^(ST^M^F, 
|H 2 "- d (5P"(Af g )\P„)| = $ 



where $™' 9 ' fc = ( 29+ k , x ) if n < d and otherwise. It follows from equation l|39|) . 
Proposition 13 . II and Proposition 13 . 21 that in order to compute the quantity A^' 9 we 
need to discuss the four cases d < n — l,d = n, d = n + 1 and d > n + 2. The rest 
is an elementary calculation. This completes the proof of both Proposition 12.61 and 
Theorem 1231 □ 
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Figure 1: Mi i3 and M 2 ,i 



2.3 Commutative (m + k, m)-groups 

A commutative (m + k, m)-groupoid is a pair (X, /i) where the "multiplication" /i 
is a map /i : SP rn+k (X) — » SP rn (X). The operation is associative if for each 
c G SP m+2k (X) and each representation c = a + b, where a G SP m+k (X) and 
6 G SP k (X), the result /x(/x(a) * 6) is always the same, i.e. independent from the 
particular choice of a and 6 in the representation c = a + b. A commutative and 
associative (m + k, m)-groupoid is a (m + k, m)-group if the equation fi(x + a) = b has 
a solution x G SP m (X) for each a G SP k (X) and 6 G S*P m pf). The (2,l)-groups 
are essentially the groups in the usual sense of the word. If X is a topological space 
then (X, n) is a topological (m + k, m)-group if it is a (m + k, m)-group and the map 
H : SP m+k {X) -> SP m {X) is continuous. 

For the motivation and other information about commutative (m + fc,m)-groups 
the reader is referred to (321 - The only known surfaces that support the structure 
of a (m+k, m)-group for (m+k, m) ^ (2,1) are of the form C\A where A is a finite set. 
It was proved in see also Theorem 6.1 in ,33 that if (M, fj.) is a locally Euclidean, 
topological, commutative, (m+k, m)-group then M must be an oricntablc 2-manifold. 
Moreover, a 2-manifold that admits the structure of a commutative (m + k, m)-group 
satisfies a strong necessary condition that the symmetric power SP m (M) := M m /S m 
is of the form R" x (S 1 ^ . 

This was a motivation for the authors to formulate in [2j the following problems 

(A) To what extent is the topology of a surface M determined by the topology of 
its symmetric product SP m (M) for a given ml 

(B) Are there examples of non-homeomorphic (open) surfaces M and N such that 
the associated symmetric products SP m (M) and SP m (N) are homeomorphic? 

These problems are particularly interesting for the so called (g, fc)-amoebas M 9i k, 
the surfaces defined by M g ^ '■= M g \ {x\, . . . , xt} where M g is the Riemann surface 
of genus g, see Figure ^ 

Since the end homology groups are invariants of homeomorphism types, a conse- 
quence of Theorem is that both the genus g and the number k of points removed 
can be recovered from the knowledge of the end space e(SP n (M g ^)) in the case 
2ff > n (question (A)). As a corollary we obtain the main result of |Hj (Theorem 1.1) 
which says that there exist open, orientable surfaces M and N such that the asso- 
ciated symmetric products SP m (M) and SP m (N) are not homeomorphic although 
they have the same homotopy type. More precisely, this is always true if M = M 9: k 
and N = M g ^ k > (k, k' > 1) and 

• 2g + k = 2g' + k', 
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• 9^9* an d m a x {ffiS'} > m/2 . 

This result puts some restrictions on potential examples asked for in question (B). 
Note that this result was proved in [5] by completely different methods based on the 
evaluation of the signature of general symmetric products SPa(M g f.) '■= (M g ,k) n /G 
where G is a subgroup of S n . The fact that two different methods led to the exactly 
same necessary condition 2g > n is intriguing and may be an indication that the 
answer to the question (B) is in fact positive. This however remains an interesting 
open problem which can be restated as follows. 

Question: Could it be that some symmetric powers of amoebas and M2.1 or 

more generally amoebas M 9i k and M g i £/ where (g, k) ^ (g\ k') but 2g + k = 2g' + k 1 
are actually homeomorphic? 

3 Appendix 

3.1 Homology of symmetric products 

It is well known [25] [22| that the Pontriagin algebra of SP°°(M g ) has the form 

H*(SP°°(M g );A) * A( ei ,e 2 , . . . , e 2g ) ® T[M) (40) 

where A(ei, . . . , e2 g ) is an exterior algebra and T[M] is the divided power algebra with 
generators jk, k = 1,2,... . On tensoring with Q one has an isomorphism 

H*(SP° (M g );Q)^A(e 1 ,e 2 ,...,e 2g )®Qh} (41) 
where Qpy] is a polynomial algebra. The following classes 

E(I,q) = e Ii q = e ii e »2 ■ ■ ■ e i P ' 1 — {*1 < *2 < ■ ■ ■ < ip} 

form an additive basis of l|41|) . Moreover, 

H*(SP°°(M g )) S* H*{SP m (M g ), SP m -\M g )) (42) 

and H„(SP m {M g )) is the subgroup spanned by all classes = e^e^ . . . ei p 7 9 

where p + q < m. 

Recall [2] [221 that by a classical result of Steenrod, the decomposition Ij42(l holds 
for all connected CW-complexes X, in particular H*{SP m {X); A) -► H*(SP n {X); A) 
is always a monomorphism for m < n. Similarly, the isomorphism l|41|) can be seen 
as an instance of the celebrated result of Dold and Thorn which says that infinite 
symmetric products admit a decomposition into a product of Eilenberg-Mac Lane 
spaces 

SP°°(X) ~ 11 K{H v ;h),v). (43) 

Suppose that Y = Vj=i ^ s a wedge of m circles. Then it is not difficult to 
show directly that 

H«(SP°°(Y;Q)) = A(e 1 ,...,e m ). (44) 

Since M g ^ — M g \ {x\, . . . , Xk} — Vjfa * &j we conclude that 

ff*(SP°°(M S)k );A) s A(ei ) e 2) ...,e 2B+ifc _i). (45) 

The group H*(SP m (M gi k); Q) is generated by the classes Fi = ej 1 . . . a p where / = 
{ii, . . . ,i p } C [2g + k — 1] and p < m. Moreover, the generators can be chosen so 
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that 0*{Fi) = Ei fi = ei if I C [2g] and otherwise where /?„ : H*(SP m (M g , k );Q) -> 
if*(SP n (M s );Q) is the map induced by the inclusion SP m (M g<k ) <^> SP m {M g ). 
As an immediate consequence we have the following result needed in the proof of 
Theorem 12 .51 in Sectional As before, \V\ is the rank of a vector space V. 



Proposition 3.1. 



(2g+k-l\ _ (2g\ 

\Ker( M \ = ^ - )~U d>n 



ft), d<n 
0, d>n + l 



d < n 

+ 1 (46) 



As a consequence of results from Section H~3l we deduce the following proposition 
which is also used in the proof of Theorem 12. 51 

Proposition 3.2. Let a p : H p {F n ) -> H p (SP n (M g )) and p : H p {SP n {M g , k )) -> 
H p (SP n (M g )) be the homomorphisms induced by the inclusions F n «— > SP™ and 
SP"(M S)fe ) SP"(M S ). Ifa p + p : ff p (P n ) © H p {SP n {M g , k ) -> H p (SP n (M g )) is 
the map defined by (a p + p )(x (By) = Qt p (x) + /3 p (y), then 

|lm(a p )nlm(/3 p )| = | ( |)' P p ^~ 1 (47) 



Proof: By the results of Sections 11.31 and 11.41 the group H p (F n ) has the following 
decomposition 

H P (F n ) = 00 H i (SP u (M g ),SP»- 1 (M g )) ® Hj(A(P v )). (48) 

v=0 i-\-j—p 

Define 

H P (Fn) {0) :=0 HpiSP'iM^tSP^iMg)) ® H (A(P„ j) 

!/=0 

and let a p : H p (F n )^ -> H p (SP n (M g )) be the restriction of a p on H p (F n )^ . Let 
us observe that 

ff P (Pn) (0) = (fl„(S , P n - 1 (Af 1 ,) ) 5P"- 2 (M 9 )) <g> Q fe ) 8 i? p (5P"- 2 (M 5 )). (49) 

Moreover, Im(a p ) = lm(a' p ) = H p (SP n - 1 (M g )) C H p {SP n {M g )). 

By the analysis preceding Proposition 13.11 we know that lm(0 p ) is spanned by 
classes P(/,o) = ej = . . . ej p where 1 < i\ < . . . < i p < 2g and p < n. A conclusion 
is that 

Im(a p ) n Im(/? p ) = span{e/ | / : 1 < ii < . . . < i p < 2g, p < n — 1} 
and a simple calculation completes the proof of the proposition. □ 
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